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, MZSVs , $\zeta$
MZVs 2 , MZSVs MZVs .
.
$k=(k_{1}, k_{2, )}h)$ , $k_{i}\in N,$ $k_{1}>1,$ $k_{i}>0$ ,
$k_{1}+\cdots+k_{n}=k$ $k$ , $n$ $k$ ,
$\zeta^{*}(k)$ $= \zeta^{*}(k_{1}, k_{2}, \ldots, k_{n})=\sum_{m_{1}\geq m_{2}\geq\cdots\geq m_{n}\geq 1}\frac{1}{m_{1}^{k_{1}}m_{2^{2}}^{k}\cdots m_{n^{n}}^{k}}$,
$\zeta(k)$ $= \zeta(k_{1}, k_{2}, \ldots, k_{n})=\sum_{m_{1}>m_{2}>\cdots>m_{\hslash}>0}\frac{1}{m_{1}^{k_{1}}m_{2^{2}}^{k}\cdots m_{n^{\hslash}}^{k}}$.
.
, $k_{1}>1$ $I(k, n)$ .
$I(k,n)=$ { $(k_{1},$ $k_{2},$ $\ldots,k_{n})|k_{1}+k_{2}+\cdots+$ $=k,$ $k_{1},$ $k_{2},$ $\ldots,$ $k_{n}\geq 1$ }.
$I(k, n)$ . $\sigma$ n( $n$ ) ,
$\sigma^{j}=(\begin{array}{lll}1 2 n\tau_{j}(1) \tau_{j}(2) \tau_{j}(n)\end{array})$
, $(k_{1}, k_{2}, \ldots, k_{n}),$ $(h_{1}, h_{2}, \ldots h_{n})\in I(k, n)$
,
$(h_{1}, h_{2}, \ldots h_{n})=(k_{\tau_{j}(1)}, k_{\tau_{j}(2)}, \ldots, k_{\tau_{j}(n)})$
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Theorem 1(MZSVs ) $\prod(k, n)(k>n>0)$ $\alpha$ ,
.
$\sum_{(k_{1},k_{2},\ldots,k_{n})\in\alpha}\sum_{i=0}^{k_{1}-2}\zeta^{*}(k_{1}-i, k_{2}, \ldots k_{n},i+1)=\frac{k|\alpha|}{n}\zeta(k+1)$ .
, $k_{1}=1$ $0$ , $|\alpha|$ $\alpha$ .
, $\frac{k|\alpha|}{n}$ , $k$ . ,
$\zeta(k+1)$ .
, $k=6$ , $n=3$ $(3, 2)$ ,
MZSVs ,
$\zeta^{*}(3,2,1)+\zeta^{*}(2,2,2)+\zeta^{*}(2,3,1)=5\zeta(6)$








$\sum_{(k_{1},k_{2\cdots\prime}k_{n+1})\in I(k,n)}\zeta^{*}(k_{1}+1, k_{2}, \ldots k_{n+1})=(\begin{array}{l}kn\end{array})\zeta(k+1)$ .













MZSVs MZVs , Hoffian
Ohno , .
$k>n$ . $\alpha\in\prod(k,n)$ , .
$\sum_{(k_{1},k_{2},\ldots,k_{n})\in\alpha}\zeta(k_{1}+1, k_{2}, \ldots, k_{n-1}, k_{n})=\sum_{(k_{1},k_{2},\ldots,k_{n})\in\alpha}\sum_{i=0}^{k_{1}-2}\zeta(k_{1}-i, k_{2}, , h,i+1)$ .
, $k_{1}=1$ $0$ .
MZVs






$T(k_{1}, k_{2}, \ldots, k_{n})=\sum_{a_{1}>a_{2}>\cdots>a_{n+1}\geq 0}\frac{1}{a_{1}^{k_{1}}a_{2}^{k_{2}}\cdots a_{n^{n}}^{k}(a_{1}-a_{n+1})}$ .
, .
Lemma 1 $k_{1}+k_{2}+\cdots+k_{n}>n$ $n,$ $k_{1},$ $k_{2},$ $\ldots,$ $k_{n}$
.
$T(k_{1}, k_{2}, \ldots, k_{n})$ $T(k_{2}, k_{3}, \ldots, k_{n}, k_{1})$
$=$ $\zeta(k_{1}+1, k_{2}, \ldots, k_{n-1}, k_{n})-\sum_{:=0}^{k_{1}-2}\zeta(k_{1}-i, h, \ldots, k_{n},i+1)$ .
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, $k_{1}=1$ $0$ .
MZSVs .
,
$C(k_{1}, k_{2}, \ldots, k_{n})=\sum_{a_{1}\geq a_{2}\geq\cdots\geq a_{n}\geq a_{n+1}\geq 1}\frac{1}{a_{1}^{k_{1}}a_{2^{2}}^{k}\cdots a_{n^{\mathfrak{n}}}^{k}(a_{1}-a_{n+1})}$ .
. .
Lemma 2 $n,$ $k_{1},$ $k_{2},$ $\ldots,$ $k_{n}(k_{1}+k_{2}+\cdots+k_{n}>n)$
.
$C(k_{1}, k_{2}, \ldots, k_{n})$ $C(k_{2}, k_{3}, \ldots, k_{n}, k_{1})$
$k_{1} \zeta(k+1)-\sum_{i=0}^{k_{1}-2}\zeta^{*}(k_{1}-i, k_{2}, k_{3}, \ldots, k_{\mathfrak{n}},i+1)$.
$i\leq k_{1}-2(k_{1}\neq 1)$ ,
$a_{1} \geq a_{2}\geq\cdots\geq\circ n\geq a_{n+1}\geq 1\sum_{a_{1}\neq a_{n+1}}\frac{1}{a_{1}^{k_{1}-i}a_{2^{2}}^{k}\cdots a_{n^{\hslash}}^{k}a_{n+1}^{l}(a_{1}-a_{n+1})}$
$=$
$\geq a_{2}\geq\cdots\geq\circ n\geq a_{n+1}\geq 1a_{1}\neq a_{n+1}\sum_{1}\frac{1}{a_{1}^{k_{1}-:-1}a_{2}^{k_{2}}\cdots a_{n}^{k_{n}}a_{n+1}^{i+1}}(\frac{1}{a_{1}-a_{n+1}}-\frac{1}{a_{1}}I$
$=$
$a_{1} \geq 0_{2}\geq\cdots\geq a_{\hslash}\geq a_{n+1}\geq 1\sum_{a_{1}\neq a_{n+1}}\frac{1}{a_{1}^{k_{1}-i-1}a_{2}^{k_{2}}\cdots a_{n}^{k_{n}}a_{n+1}^{i+1}(a_{1}-a_{n+1})}$
$- \{\sum_{a_{1}\geq a_{2}\geq\cdots\geq a_{n}\geq a_{n+1}\geq 1}\frac{1}{a_{1}^{k_{1}-i}a_{2}^{k_{2}}\cdots a_{n^{n}}^{k}a_{n+1}^{i+1}}-\sum_{a\geq 1}\frac{1}{a^{k_{1}-i+k_{2}+\cdots+k_{n}+i+1}}\}$
$=$
$a_{1} \neq a_{\hslash+1}\sum_{1\geq a_{2}\geq\cdots\geq\circ n\geq a_{\mathfrak{n}+1}\geq 1}\frac{1}{a_{1}^{k_{1}-i-1}a_{2^{2}}^{k}\cdots a_{n^{n}}^{k}a_{n+1}^{i+1}(a_{1}-a_{n+1})}$
$-\zeta^{*}(k_{1}-i, k_{2}, \ldots, k_{n}, i+1)+\zeta(k+1)$ .
. $i=0,1,$ $\ldots,$ $k_{1}-2$ ,
$C(k_{1}, k_{2}, \ldots, k_{n})$ $=$ $\sum_{a_{1}\geq a_{2}\geq\cdots\geq a_{n}\geq a_{\mathfrak{n}}+\iota\geq 1}\frac{1}{a_{1}a_{2}^{k_{2}}\cdots a_{n^{n}}^{k}a_{n+1}^{k_{1}-1}(a_{1}-a_{n+1})}$
$- \sum_{i=0}^{k_{1}-2}\zeta^{*}(k_{1}-i, k_{2}, \ldots, k_{n},i+1)+(k_{1}-1)\zeta(k+1)$ .
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,$C$ ( $k_{1},$ $k_{2},$ $\ldots$ , ) $=$ $C(k_{2}, k_{3}, \ldots, k_{n}, k_{1})+\zeta(k+1)$
$- \sum_{i=0}^{k_{1}-2}\zeta^{*}(k_{1}-i, k_{2}, \ldots, k_{n}, i+1)+(k_{1}-1)\zeta(k+1)$ .
, . , $(k_{1}, k_{2}, \ldots, k_{n})\in\alpha$
, ,
$0=k\zeta(k+1)-\underline{n}$













$l$ , $(\underline{3,1,3,1,\ldots,3,1})$ $\alpha$ . $\alpha$
$2l$
2 ,









$\alpha$ . $\alpha$ $m$ ,







[1] T. Aoki and Y. Ohno, Sum relations for multiple zeta values and connection
formulas for the Gauss hypergeometric functions, Publ. Res. Inst. Math. Sci.,
41 (2005), 329-337.
[2] T. Arakawa and M. Kaneko, Multiple zeta values, poly-Bernoulli numbers, and
related zeta functions, Nagoya Math. J., 153 (1999), 191-216.
[3] J. M. Borwein, D. M Bradley, D. J. Broadhurst and P. Lison&, Special values
of multiple polylogarithms, ?kans. Amer. Math. Soc., 353 (2000), 907-941.
[4] L. Euler, Meditationes circa singulare serierum genus, Novi Comm. Acad. Sci.
Petropol,20 (1775), 140-186, reprinted in Opera Omnia ser. I, vol. 15, B. G.
Teubner, Berlin (1927), 217-267.
[5] A. Granville, A decomposition of Riemann’s zeta-function, in London Math.
Soc. Lecture Note Ser. 247, Cambridge, 1997, pp. 95-101.
[6] M. Hoffman, Multiple harmonic series, Pacific J. Math., 152 (1992), 275-290.
[7] M. E. Hoffman, The algebra of multiple harmonic series, J. Algebra, 194 (1997),
477-495.
[8] M. Hoffman and Y. Ohno, Relations of multiple zeta values and their algebraic
expression, J. Algeb$ru$, 262 (2003), 332-347.
[9] K. Ihara, M. Kaneko and D. Zagier, Multiple zeta values, Derivation relations
and regularized double shuﬄe relations of multiple zeta values, preprint.
82
[10] Y. Ohno, A generalization of the duality and sum formulas on the multiple zeta
values, J. Number Theory, 74 (1999), 39-43.
[11] Y. Ohno, Sum relations for multiple zeta values, in Zeta $R_{4}nctions$ , Topology,
and Quantum Physics, Dev. Math., 14, Springer, 2005, pp. 131-144.
[12] Y. Ohno and D. Zagier, Multiple zeta values of fixed weight, depth, and heigth,
Indag. Math., 12 (2001), 483-487.
[13] Y. Ohno and N. Wakabayashi, Cyclic sum of multiple zeta values, preprint.
[14] J. Okuda and K. Ueno, Relations for multiple zeta values and Mellin transforms
of multiple polylogarithms, Publ. Res. Inst. Math. Sci., 40 (2004), 537-564.
[15] D. Zagier, Values of zeta functions and their applications, in Proceedings of
ECM 1992, Progress in Math., 120 (1994), 497-512.
[16] D. Zagier, Multiple zeta values, Unpublished preprint, Bonn, 1995.
Department of Mathematics
Kinki University
Higashi-Osaka, 577-8502 Japan
ohno@math.kindai. ac.jp
noriko@math.hndai. ac.jp
83
